Florida Gulf Coast University
MAS 4301 Abstract Algebra I Fall 2005 Midterm Exam

Dr. Schnackenberg

1. Let p and q be distinct primes. Suppose that H is a proper subset of the integers and H is a group under addition that contains exactly three elements of the set 
{p, p + q, pq, pq, qp}. Determine which of the following are the three elements of H.
a. pq,pq, qp
b. p + q, pq, pq
c. p, p + q, pq
d. p, pq, qp
e. p, pq, pq


Ans: p, 
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 and so is in the set

2. Consider the group U(15) = {1, 2, 4, 7, 8, 11, 13, 14} under multiplication modulo 15. 

a. What is the relation between the elements of U(15) and 15? 

b. Compute the order of 13 in this group. 

c. Find 
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.

Ans: a.  They are relatively prime.

b. 132 = 169 = 4 mod(15), 133 = 4*13 = 52 = 7 mod(15); 134 = 7*13 = 91 = 1 mod(15). So |13| = 4
c. <13> = {1, 7, 4, 13}

3. Let G be a group of functions from ( to (* (the reals minus zero), where the operation of G is multiplication of functions. Let 
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. Prove that H is a subgroup of G. Can 2 be replaced by any real number?


Ans: Let f-1 be the inverse of f in G. Then f*f-1 = e where e(x) = 1 for all real x. Then f(2) * f-1(2) = e(2) = 1

But f(2) = 1 means f-1(2) = 1. Hence f-1 is in H.

If f and g are in H, then f(2)g(2) = 1*1 = 1 means fg is in H. So H is a subgroup of G.
4. Prove that 
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 is a cyclic subgroup of GL(2, ().

Ans: 
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. Hence 
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is a generator for H.

5. Let G be a group of permutations on a set X. Let 
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 and define 
stab(a) = 
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. We call stab(a) the stabilizer of a in G (since it consists of all members of G that leave a fixed). Prove that stab(a) is a subgroup of G.

Ans: Let α and β be in stab(a). Then αβ(a) = α(β(a)) = α(a) = a, so αβ is in stab(a). Now α-1α(a) = a. So α-1(α(a)) = α-1(a) = a. So α-1 is in stab(a). Hence stab(a) is a subgroup of G.

6. Suppose a and b are group elements and b ( e. If a-1ba = b2 and |a| = 3, find |b|. What is |b|, if |a| = 5? What can you say about |b| in the case where |a| = k?

Ans: 
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. Hence |b| must divide 23 – 1 or 7. Hence |b| = 7. 

In general, the |b| must divide 2k – 1. 
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